Abstract. Given a power series ring R * over a Noetherian integral domain R and an intermediate field L between R and the total quotient ring of R * , the integral domain A = L ∩ R * often (but not always) inherits nice properties from R * such as being Noetherian. For certain fields L it is possible to approximate A using a localization B of a particular nested union of polynomial rings over R associated to A; if B is Noetherian then B = A. If B is not Noetherian, we can sometimes identify which prime ideals of B are not finitely generated. We have obtained in this way, for each positive integer n, a three-dimensional quasilocal unique factorization domain B such that the maximal ideal of B is two-generated, B has precisely n prime ideals of height two, each prime ideal of B of height two is not finitely generated and all the other prime ideals of B are finitely generated. We examine the structure of the map Spec A → Spec B for this example. We also present a generalization of this example to higher dimensions.
This paper represents a continuation of this project. We present several examples constructed using this technique of building non-Noetherian integral domains inside a power series ring for which the prime ideal structure can be described explicitly.
In Section 2 we give the notation for a simplified adaptation of the construction which we use to produce these examples. This adaptation produces "insider" examples A and B having the form A and B described above and fitting inside an easier and more straightforward Noetherian domain A = B (where the two forms of the construction are equal). We have shown in our previous work that the question of whether or not the insider domains A and B that arise in this adaptation are In Sections 3 and 4, we analyze and provide more details about an "insider" example B constructed in [9] . For each positive integer n, this construction produces an example of a 3-dimensional quasilocal unique factorization domain that is a generalized local ring in the sense of Cohen [2] and has as its completion a 2-dimensional regular local domain. Moreover, B is not catenary and has precisely n prime ideals of height two. The associated intersection domain A for this construction is a 2-dimensional regular local domain. In Section 4, we examine the prime spectrum map Spec A → Spec B and describe three types of height-one prime ideals of B by how they relate to primes of A.
In Section 5 we prove for each positive integer n ≥ 2 and each positive integer t, the existence of a non-Noetherian integral domain B such that:
(a) dim B = n + 1.
(b) The maximal ideal of B is generated by n elements.
(c) B has exactly t prime ideals of height n and each of these primes is not finitely generated.
(d) B is a factorial domain.
(e) The completion of B is a regular local domain of dimension n.
(f) B is a birational extension of the localized polynomial ring over a field in n + 1 variables.
Background and Notation.
We begin this section by recalling some details from Section 3 of [9] concerning the insider adaptation of the construction utilized in this article 1 .
We use the following setting throughout the paper.
2.1 General Setting. Let k be a field and let x, y 1 , . . . , y s be indeterminates over k; for convenience, we abbreviate the y i by y. (Often we assume k to have characteristic zero. This ensures excellence of the constructed domains in the simplest
], a power series ring in x. We write Q(R), Q(R * ), etc, for the total rings of quotients of R, R * , etc, respectively.
Let τ 1 , . . . , τ n be elements of xk [[x] ] which are algebraically independent over k(x);
we abbreviate them by τ . Let
Next we select elements f 1 , . . . , f m of R[τ ] which are algebraically independent over Q(R); we abbreviate them by f . The intersection domain corresponding to f
In order to obtain A τ as a nested union of polynomial rings over k in s + m + 1 variables, we recall some of the details of the construction. 
There are natural sequences {ρ ir } ∞ r=0 of elements in R * , called the r th endpieces for the ρ i , which "approximate" the ρ i , defined by:
For each i ∈ {1, . . . , n} and r ≥ 0,
Now, for each r ≥ 0, define U r := R[ρ 1r , . . . , ρ nr ] and set B r to be U r localized at the multiplicative system 1 + xU r . Then set U := ∪ 
(1) B is Noetherian and B = A if and only if the map α : (ii) B is Noetherian.
(iii) The localized map ϕ Q * ∩T from (2.4.1) is flat for every maximal
Proposition 2.6 is helpful for testing whether the map φ of (2.4.1) is flat.
2.6 Proposition. [9, Proposition 2.4] Let R be a Noetherian ring and let x 1 , . . . , x n be indeterminates over R. Assume that f 1 , . . . , f m ∈ R[x 1 , . . . , x n ] are algebraically independent over R. Then
is flat if and only if, for each prime ideal P of T , we have ht(P ) ≥ ht(P ∩ S).
(2) For Q ∈ Spec T , ϕ Q : S → T Q is flat if and only if for each prime ideal
is flat, then B is Noetherian and B = A.
3. Non-Noetherian Examples. We review the construction of a series of examples of non-Noetherian integral domains inside power series rings given in [9,
3.1 Specific construction details for the examples of [9] . This construction is a localized version of (2.4), with s = 1. Thus k is a field, R = k[x, y] (x,y) is a two-dimensional regular local ring and
] be algebraically independent over k(x). (It is easy to see that (2.3) still holds; that is, the modified
For the insider domains, let p i ∈ R \ xR be such that p 1 R * , . . . , p n R * are n distinct prime ideals. For example, we could take
We set f := qτ (i.e., m = 1).
Let B := B f be the nested union domain associated to f as in (2.4).
x r is the r th endpiece of τ , then f r := qτ r is the r th endpiece of f . For each r ≥ 0, let B r = R[f r ] (x,y,f r ) . Then each B r is a 3-dimensional regular local ring and B = ∞ r=0 B r . In this example, the intersection domain A f associated to f is the same as that associated to τ ; that is,
Proposition. [9]
For each positive integer n, the nested union domain B constructed in (3.1) is a three-dimensional quasilocal unique factorization domain such that (1) B is not catenary.
(2) The maximal ideal of B is two generated.
(3) B has precisely n prime ideals of height two.
(4) Each prime ideal of B of height two is not finitely generated.
(5) Each height-one prime ideal of B is principal and each nonzero prime ideal of B is the union of the prime ideals of height one that it contains, so B has infinitely many prime ideals of height one.
(6) For every non-maximal prime P of B, the ring B P is Noetherian.
3.3 Notes.
(1) The nested union domain B is not Noetherian by (2.5.1) and
has height two, thus the map α :
(2) The maximal ideal of B is (x, y)B, because B/xB = R/xR.
the notation of (2.1) and (2.2), so that A f is a nested union of three-dimensional regular local domains (although we will see that it is not equal to the nested union domain B f ).
We consider the inclusion map B → A and the map Spec A → Spec B. The following Proposition is proved in [9] .
3.4 Proposition. With the notation of (3.1) and A = R * ∩ Q(R(f )), we have (3) If P ∈ Spec B is nonmaximal, then ht(P R * ) ≤ 1 and ht(P A) ≤ 1. Thus every nonmaximal prime of B is contained in a nonmaximal prime of A.
(4) If P ∈ Spec B and xq ∈ P , then ht P ≤ 1.
(5) If P ∈ Spec B, ht P = 1 and P ∩ R = 0, then P = (P ∩ R)B.
(6) If pA is a height-one prime of A with pA ∈ {p 1 A, . . . p n A}, then A pA = B pA∩B and ht(pA ∩ B) = 1. However, p i A ∩ B has height two and is not finitely generated. (9) Q i has height two and is not finitely generated.
Notes. (1) With regard to the birational inclusion B → A and the map
Spec A → Spec B, we remark that the following hold: Each Q i contains infinitely many height-one primes of B that are the contraction of primes of A and infinitely many that are not. Among the primes that are not contracted from A are the p i B.
In the terminology of [14, page 325], P is not lost in A if P A ∩ B = P . Since
Since (x, y)B is the maximal ideal of B and (x, y)A is the maximal ideal of A and B is integrally closed, a version of Zariski's Main Theorem [13] implies that A is not essentially finitely generated as a B-algebra. . This ring B has exactly one prime ideal Q = (y, {yτ r } ∞ r=0 )B of height 2. Moreover, Q is not finitely generated and is the only prime ideal of B that is not finitely generated. We also have Q = yA ∩ B, and Q ∩ B r = (y, yτ r )B r for each r ≥ 0.
If q is a height-one prime of B, then B/q is Noetherian if and only if q is not contained in Q. This is clear since Q is the unique prime of B that is not finitely generated and a ring is Noetherian if each prime ideal of the ring is finitely generated.
The height-one primes q of B may be separated into three types as follows:
Type I. The primes q ⊆ Q, such as xB. As mentioned above, B/q is Noetherian. These primes are contracted from A. To see this, consider q = gB where g ∈ Q.
Then gA is contained in a height one prime P of A. Then g ∈ (P ∩ B) \ Q so P ∩ B = Q. Since m B A = m A , we have P ∩ B = m B . Therefore P ∩ B is a height-one prime containing q, so q = P ∩ B and B q = A P .
There are infinitely many primes q of type I, because every element of m B \ Q is contained in a prime q of type I. Thus m B ⊆ Q ∪ {q of type I}. Since m B is not the union of finitely many strictly smaller prime ideals, there are infinitely many primes q of type I.
If q is a height-one prime of B not of type I, then B = B/q has precisely three prime ideals. These prime ideals form a chain:
Type II. The primes q ⊂ Q, where q has height one and is contracted from a prime p of A = k(x, y) ∩ R * , for example, the prime y(y + τ )B. For q of this type, B/q is dominated by the one-dimensional Noetherian local domain A/p. Thus B/q is a non-Noetherian generalized local ring in the sense of Cohen.
For q of Type II, the maximal ideal of B/q is not principal. This follows because a quasilocal generalized local domain having a principal maximal ideal is a DVR [12, (31.5) ].
There are infinitely many height-one primes of type II, for example, y(y + x n τ )B for each n ∈ N. For q of type II, the DVR B q is birationally dominated by A p .
Hence B q = A p and the ideal √ qA = p ∩ yA.
Type III. The primes q ⊂ Q, where q has height one and is not contracted from A, for example, the prime yB and the prime (y + x n yτ )B for n ∈ N. Since the elements y and y + x n yτ are in m B and are not in m It follows that the intersection of the powers of m B is Q/q and B/q is not a generalized local ring. For if P is a principal prime ideal of a ring and P is a prime ideal properly contained in P , then P is contained in the intersection of the powers of P . [11, page 7, ex. 5] .
Another way to examine the height-one primes of B.
Observe 
which is defined by φ(f ) = yτ . Obviously the nonflat locus of φ is defined by the
If q ∈ B is a height one prime ideal which is not contained in Q, then the extension qA is not contained in yA and for every minimal prime p ⊆ A over qA the induced map B q → A p is flat. In particular, q is not lost in A. If q is a heightone prime of B which is contained in Q then q is of type II or III according to the minimal prime divisors of qA: If there is a minimal prime p ∈ Spec A of qA which is different from (y), then the map: B q → A p is flat, and q is not lost in A. In this case, q is of type II. Note that yA is also a minimal prime divisor of qA. If yA is the only prime divisor of qA, then q is lost in A. In this case the map B Q → A (y)
is a localization.
We remark that B/yB is a rank 2 valuation ring. This can be seen directly or else one may apply [10, Prop. 3.5(iv) ]. If we do a similar construction with a prime contained in m 2 (instead of y), for example, f = (x 2 + y 2 )τ (over Q), then B/(x 2 + y 2 ) has a two-generated maximal ideal and cannot be a valuation ring.
A More General Construction.
In Theorem 5.1, we obtain a generalization of the construction that gives the examples considered in Sections 3 and 4.
5.1 Theorem. Let n ≥ 2 be a positive integer. For each positive integer t, there exists a non-Noetherian integral domain B such that:
Proof. Let k be a field and let x, y 1 , . . . , y n−1 be variables over k. Define:
and let τ 1 , . . . , τ n−1 ∈ xk[[x]] be algebraically independent over Q(R). For 1 ≤ i ≤ t,
. . p t , and consider the element
The map:
has as its Jacobian ideal: J = (q, y 2 , . . . , y n−1 ) which is an ideal of height n − 1 that is the intersection of t prime ideals of height n − 1: J = Q 1 ∩ . . . ∩ Q t , where ideal L corresponds to the intersection of t prime ideals in B of height n, these are the only primes in B of height n and they are not finitely generated.
Remark.
It would be interesting to know whether for B as in Theorem 5.1, the prime ideals of B of height n are the only prime ideals of B that are not finitely generated.
With the insider construction given in (2.1)-(2.4), if the dimension of B f is greater than that of R * , then B f is not catenary. One way to see this is that in Spec(B f ) there is always a saturated chain of prime ideals that includes (x) and this chain has length equal to dim R * , while if dim B f > dim R * , then there exists a saturated chain of prime ideals in B f of length greater than dim R * .
